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Mathematical Model for
Dropwise Condensation
on a Surface With
Wettability Gradient
We present a mathematical model for dropwise condensation (DWC) heat transfer on a
surface with wettability gradient. We adapt well-established population balance model
for DWC on inclined surfaces to model DWC on a surface with wettability gradient. In
particular, our model takes into account the effect of wettability gradient and energy
released during drop coalescence to determine the drop departure size. We validate our
model with published experimental data of DWC heat flux and drop size distribution.
Based on various experimental studies on drop motion, we also propose a mechanism
that explains how the energy released during drop coalescence on a surface with wett-
ability gradient and in a condensation environment aids drop motion. The mechanism
correctly explains the shift of center of mass of two coalescing drops on a surface with
wettability gradient toward the drop on high wetting region. Using the model, we analyze
the effect of wettability gradient on the DWC heat flux. Our model predictions show that
the optimal choice of wettability gradient is governed by differential variations in popula-
tion density and heat transfer through a drop with change in wettability of the surface.
We also demonstrate that contact angle at which there is maximum heat transfer through
a drop varies with thickness of coating layer leading to change in optimal wettability
gradient. [DOI: 10.1115/1.4039014]

1 Introduction

Condensation of vapor on a surface is classified as either film-
wise condensation (FWC) or dropwise condensation (DWC)
[1–3]. In FWC, a thin liquid film of condensate covers the entire
surface and act as an additional layer of resistance to heat transfer,
whereas, in DWC, vapor condenses into small droplets, which are
removed periodically. Because of lower thermal resistance of dis-
crete drops compared with a continuous film, DWC provides an
order of magnitude higher heat transfer rate than FWC [1–3].
However, ideal DWC occurs only at low values of temperature
difference DT (termed as degree of subcooling) between surface
and saturated vapor. As the degree of subcooling is progressively
increased, condensation first transitions to mixed mode consisting
of partial DWC and partial FWC [4–7]. At sufficiently high values
of degree of subcooling, condensation becomes completely
filmwise [4–7].

The efficiency of DWC primarily depends on the rate at which
condensate drops are removed and bare surface is generated
(surface renewal rate) for fresh condensation cycle. This is
because higher surface renewal rate results in smaller droplets and
correspondingly higher droplet density. Typically, spontaneous
removal of condensate drops is achieved by inclining the condens-
ing surface which causes drops to fall under the action of gravity.
However, due to contact angle hysteresis [8], droplets have to
grow to the size of capillary length [9] before being spontaneously
removed by gravity. For further improvement of DWC heat trans-
fer, one needs to employ a droplet removal mechanism capable of
initiating spontaneous motion of droplets at length scales smaller
than the capillary length.

Recent studies by Daniel et al. [10] and Macner et al. [11] have
shown that, on a surface with wettability gradient, condensed

drops move spontaneously from low to high wetting region. The
spontaneous motion results from surface energy gradient and
excess surface energy released during drop coalescence. On a hor-
izontal surface with continuous radial wettability gradient, Daniel
et al. observed rapid motion of condensate drops. Compared to
FWC, Daniel et al. reported an order of magnitude higher rate of
heat transfer. In a similar experiment, Macner et al. [11] observed
that condensation on surface with wettability gradient shifts the
drop size distribution toward smaller size drops and lowers the
fraction of area covered by liquid when compared with uniformly
hydrophobic surface. The use of a surface with wettability gradi-
ent for removal of condensed drops is particularly interesting
because it can enhance drop removal rate over and above the drop
removal rate obtained by inclining the surface. Moreover, wett-
ability gradient provides a way to achieve dropwise condensation
for applications in gravity free environment and on horizontal
surfaces. Such wettability gradients can be generated on a variety
of surfaces such as silane diffusion on silicon wafers [12], contact
printing of octadecyltrichlorosilane on oxidized silicon wafers
[13], and using alkali surface oxidation and laser etching of
copper [14,15].

In DWC, drops form on surface cavities known as nucleation
sites [8,16,17] and following which these drops grow. The growth
of drops has been categorized into two phases: small drops and
large drops [8,16–18]. In the initial phase, drops grow primarily
by direct condensation of vapor on its surface (referred here as
small drops). Later, when the drops become large and space
between neighboring drops becomes small, growth due to coales-
cence starts dominating (referred here as large drops). And finally,
when the drops grow to a size large enough to be removed, they
depart from the condensing surface regenerating the surface in the
process for fresh condensation cycle. As a result, drop size has a
continuous distribution from some minimum value, as defined by
thermodynamic limit [19], up to a size at which drops depart from
the condensing surface.

While there have been several experimental studies [10,11,20]
demonstrating the effect of wettability gradient on DWC heat
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transfer, there is no corresponding mathematical model for pre-
dicting DWC heat transfer rate on a surface with wettability gradi-
ent. Previous models for DWC are limited to vertical surfaces
wherein condensed drops are removed by gravity. In these studies,
the drop departure size is governed by the balance of hysteresis
force and gravity. In contrast, on a wettability gradient surface,
drops are removed by the force due to wettability gradient. To
best of our understanding, none of the earlier models for DWC
account for force due to wettability gradient for removal of con-
densed drops.

In this paper, we present a mathematical model to predict the
condensation performance of surface with wettability gradient
under ideal DWC conditions. We use population balance model
initially proposed by Tanaka [16] and refined later by Abu-Orabi
[18] for DWC on an inclined surface. In the model, heat transfer
through a single drop of radius r is combined with its respective
number density to obtain the DWC heat flux. The efficacy of the
model primarily relies on accurate prediction of maximum and
minimum drop size. While the minimum drop size rmin is defined
by thermodynamic limit [19], the maximum drop size rmax

depends on balance of hysteresis force by the force responsible
for droplet removal from the condensation surface.

In the current work, we find the maximum size of the con-
densed drops by balancing the driving force on drops due to wett-
ability gradient with hysteresis force. More importantly, we take
into account the effect of coalescence released surface energy in
overcoming the hysteresis force. We also describe the mechanism
by which coalescence released surface energy aids the motion of
the condensed drops on a surface with wettability gradient. We
validate our model with the published experimental data of DWC
heat flux [21] and drop size distribution [11] obtained for surface
with wettability gradient. Thereafter, we show the effect of wett-
ability gradient on the DWC heat flux. Our model predictions
show that DWC heat flux first increases and then decreases with
an increase in wettability gradient. Finally, we show the effect of
coating layer and demonstrate that optimal choice of wettability
gradient depends on the thickness of coating layer.

2 Mathematical Modeling

We here present a population balance model to predict conden-
sation heat transfer on a wettability gradient surface. In this
model, we make several simplifying assumptions. First, we
assume that the drop size distribution remains statistically steady
over the entire condensing surface. This assumption is routinely
employed in DWC modeling and has been validated experimen-
tally [11,22,23]. Second, convective heat transfer between vapor
and surface is negligible as compared with latent heat of conden-
sation hfg. Therefore, we assume that there is no heat transfer
between the vapor and the uncovered surface in between the drops
and all heat flows through the base of the drops. As Nu� 1
within the drop, we neglect the convection effects and assume that
conduction is the dominant mode of heat transfer.

As described in Sec. 1, the growth of drops can be divided into
two phases: (i) small drops, which grow due to direct condensa-
tion and (ii) large drops, which grow due to coalescence. Figure 1
shows a typical drop size distribution in DWC consisting of small
drops and large drops. For steady drop size distribution, condensa-
tion heat transfer on a unit surface area is equal to heat transfer
through a single drop times the respective number density and is
expressed as

Q00 ¼
ðre

rmin

qdðrÞnðrÞdr þ
ðrmax

re

qdðrÞNðrÞdr (1)

where n(r) and N(r), respectively, are number of small and large
drops per unit area per unit radius around r. The minimum drop
radius rmin ¼ 2cTsat=hfgqDT [19], where c and q, respectively,
denote surface energy and density of the liquid, and Tsat represent
saturation temperature. The radius re, as shown in Fig. 1, denotes

drop radius at the boundary between small and large drops and qd

denotes heat transfer through a drop of radius r.

2.1 Heat Transfer Through a Single Drop. Determination
of heat transfer through a body requires knowledge of all contrib-
uting thermal resistances. Heat transfer through a drop involves
convection at liquid–vapor interface and conduction between drop
and condensation surface. Therefore, there is convection resist-
ance at the interface and conduction resistance due to drop itself.
In addition, there are resistances due to coating layer and curva-
ture of the drop (Kelvin effect) [8,18]. By taking into account all
the resistances, Kim and Kim [8] have provided following expres-
sion for heat transfer through a drop qd of radius r:

qd ¼
DTpr2 1� rmin

r

� �
d

Kcoat sin2h
þ rh

4Kc sin h
þ 1

2hi 1� cos hð Þ

(2)

Here, h is the contact angle, d is the thickness of the coating layer,
hi ¼ 15.7 MWm�2 K�1 at 1 atm [8] is interfacial heat transfer
coefficient, and Kc and Kcoat represent thermal conductivity of
water and coating layer, respectively.

2.2 Drop Size Distribution. To predict the drop size distribu-
tion of small drops, which grow mainly by direct condensation,
we use population balance model similar to previous DWC studies
on inclined surfaces [8,16,18,23]. We consider an arbitrary droplet
radius range r1 � to� r2. For conservation of number of drops in
this radius range, number of drops entering by growth equals the
number of drops leaving by growth plus the number of drops
being swept away by large departing drops. This equilibrium in
the limit Dr ! 0 (Dr ¼ r2 � r1) can be expressed as [8,16,18,23]

d

dr
Gnð Þ þ n

s
¼ 0; G ¼ dr

dt
(3)

where G is the growth rate and s is the sweeping period. The
sweeping period s ¼ A=S, where A is the area of an arbitrary part
of the condensing surface and S is the rate at which surface is
renewed by droplets in motion.

The time-scale of heat conduction, tc ¼ r2=a (a is thermal dif-
fusivity), through a drop is very small (�Oð1 lsÞ) as compared to

Fig. 1 Schematic showing drop size distribution in DWC. Drop
size distribution is divided Into two phases small drops n(r) and
large drops N(r). The drop radius re denotes boundary between
small and large drops.
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the time-scale of droplet growth, tg ¼ qhfgr=ðhDTÞ ð�Oð1 msÞÞ
[2] (h is heat transfer coefficient). Therefore, under the quasi-
steady-state heat conduction approximation, the rate of heat transfer
qd through a drop of radius r can be equated to rate of condensation
of vapor on drop surface. From the above approximation and
assuming constant contact angle growth of condensing drop, we get
heat transfer through a drop qd in terms of droplet growth rate G as
[24]

qd ¼ qhfgpr2ð2� 3 cos hþ cos3hÞG (4)

Equating Eqs. (2) and (4), we get G as a function of r. Using the
resulting relation in Eq. (3) and integrating, we get appropriate
governing equation [8] for drop size distribution of small drops.
The constant of integration is found using boundary condition
nðreÞ ¼ NðreÞ. The drop size distribution of large drops N(r) is
given by the distribution function proposed by Le Fevre and Rose
[25] as

N rð Þ ¼ 1

3pr2rmax

r

rmax

� ��2=3

(5)

where the maximum drop size rmax is determined from balance of
hysteresis by the force driving the drops.

2.3 Maximum Drop Size. In conventional arrangement, con-
densation surfaces are inclined to affect gravity operated removal
of condensed drops. In such cases, rmax is equal to capillary length

scale (r ¼
ffiffiffiffiffiffiffiffiffiffi
c=qg

p
). In the current work, we consider a horizontal

surface, which is treated chemically to obtain continuous contact
angle variation with position x. On such a surface and in the
absence of condensation, drops move when force due to wettabil-
ity gradient exceeds the hysteresis force. At the instant when drop
just begins to move force due to wettability, gradient is balanced
by hysteresis force, as described by Daniel and Chaudhury [26]

pr2
bc

d cos hdð Þ
dx

� 2crb cos hr;o � cos ha;oð Þ ¼ 0 (6)

where the subscript o denotes center of the drop and subscripts a
and r denote advancing contact angle (ACA) and receding contact
angle (RCA) of the drop, respectively. In Eq. (6), rb denotes base
radius of the drop and subscript d denotes macroscopic dynamic
contact angle defined as cos hd ¼ ðcos ha þ cos hrÞ=2. First and
second terms on the right-hand side of Eq. (6) denote force, due to
wettability gradient, and hysteresis, respectively. Solving Eq. (6),
we get droplet base radius rb at which the drops begin to move.
However, in the condensation environment, Zhao and Beysens
[20] observed that center of mass of coalescing drops, which oth-
erwise are immobile, shifts toward the hydrophilic region. Daniel
et al. [10] reported similar observations with the exception that
the merged drop started moving toward the high wetting region.
This motion of merged drop toward the hydrophilic region was
attributed to energy released due to coalescence and direct con-
densation of vapor on droplet surface. Therefore, in the condensa-
tion environment, the force due to wettability gradient is aided by
two additional factors in overcoming the hysteresis force: (i)
energy released due to coalescence with other drops and (ii) by
direct condensation of vapor on droplet surface [10].

To take the effect of coalescence into account, we propose a
mechanism of droplet coalescence in a condensation environment
on a surface with wettability gradient which, in part, is based on
the mechanism previously proposed by Daniel et al. [10]. The pro-
posed mechanism is illustrated schematically in Fig. 2. The over-
all effect of coalescence can be considered as pumping of liquid
from the drop on low wetting region to the drop on high wetting
region leading to unpinning of contact line, as shown in Fig. 2. To

describe the mechanism, we first consider separate effects of
wettability gradient and condensation of vapor on the dynamic
contact angle of a drop before combining the two to give a full
depiction.

Fig. 2 Schematic illustrating the mechanism of coalescence of
two drops on a surface with wettability gradient. P denotes Lap-
lace pressure and rb denotes base radius of the drop. Solid
lines show dynamic contact angles at respective drop edges
(hd ;A; hd ;B ; hd ;D , and hd ;E ). The dashed lines denote receding
(/b0BA; /a0AB, and /e0ED) and advancing (/bBA; /aAB, and
/dDE) contact angle at respective drop edges. (a) Shifting of
drop shape from staggered to nearly spherical cap shape on a
surface with wettability gradient in the absence of condensa-
tion. (b) State of a drop on a surface with wettability gradient
before coalescence. (c) Formation of bridge with very small and
negative interface radius of curvature at the initiation of coales-
cence. Larger influx of liquid from the left drop causes contact
angle at A to reduce and bridge to grow. When the contact
angle at A reduces to the receding value whole of the liquid
from left drop flows into the right drop. (d) State of drop just
after coalescence. During coalescence, due to out flux of liquid,
hd ;A becomes smaller than receding contact, which is reflected
at the edge E of the merged droplet. While at D, due to influx of
liquid hd ;D becomes greater than advancing contact angle: (a)
drop on a surface with wettability gradient, (b) before coales-
cence, (c) during coalescence, and (d) after coalescence.
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The effect of wettability gradient on dynamic contact angle has
been described earlier [9,10,27] and we here present a brief
review. When a drop is placed on a surface with wettability gradi-
ent, it takes a staggered spherical cap shape, as shown in Fig. 2.
This results in a nonuniform curvature of liquid–vapor interface
[9,10,27] and thus variation of Laplace pressure, Dpð¼ 2c=rÞ
within the drop. As the Laplace pressure inside the drop equalizes,
the drop on a surface with low contact hysteresis takes a nearly
spherical cap shape with uniform curvature [28], as shown in
Fig. 2(a). The shift to spherical configuration creates nearly equal
contact angle at its front and rear edge [9,10,28], that is at edges A
and B of the drop shown in Fig. 2(a). For drop of sufficiently large
size (as given by Eq. (6), the dynamic contact angle reduces to
receding contact angle at A and increases to advancing contact
angle at B and thus overcomes the resistance of hysteresis force.
We note that variable curvature of drop (differential Laplace pres-
sure) leading to spontaneous droplet motion has also been experi-
mentally demonstrated by Lv et al. [29], Wang et al. [30], and
Zheng et al. [31].

In contrast to wettability gradient, condensation of vapor
increases the dynamic contact angle at both edge A and edge B of
the drop [32]. Due to the vapor condensation and equalization of
Laplace pressure, the dynamic contact angle takes average values
of hd;A and hd;B at A and B, respectively, as shown in Fig. 2(b).
The dynamic contact angle at A, hd;A becomes smaller than the
ACA ha;A (/aAB) but is greater than the RCA hr;A (/a0AB) and
therefore contact line at A neither recedes nor advances. However,
the dynamic contact angle at B, hd;B becomes greater than the
ACA ha;B (/bBA). Therefore, with further condensation, the
contact line at B advances toward higher wettability region.
Consequently, this moving contact line catches up with droplets
condensing ahead of it initiating coalescence, as shown in
Fig. 2(c).

The coalescence of drops proceeds through the formation of liq-
uid bridge of very small and negative radius of curvature at the
contact point. Typically, when two drops coalesce on a uniform
wettability surface, equal quantities of liquid from both the drops
rush toward the liquid bridge [33,34]. This motion of liquid
toward the liquid bridge between the drops pulls the liquid–vapor
interface radially inward causing the dynamic contact angle to
decrease at points A and D. And when the dynamic contact angle
reduces to RCA, both the drops start moving toward each other.
Depending upon the wettability of the surface, the momentum
developed during the process is either dissipated by viscous
effects (high wetting surface) or results in spontaneous droplet
jumping (superhydrophobic surfaces) [33–35].

Coalescence of drops occurring on a surface with wettability
gradient, although following a similar process, differ in many
aspects from that on uniform wettability surface. First, for drops
of equal volume, the drop on relatively high wetting surface has
lower curvature as compared to the drop on low wetting surface
[21,36], as shown schematically in Fig. 2(a). Further, nucleation
of drops is faster on high wetting surface as compared to low wet-
ting surface, and therefore has higher volume [20]. Due to these
effects, drops on high wetting surface have lower curvature and
Laplace pressure than drops on low wetting surface, as shown in
Fig. 2(b). This difference in the Laplace pressure causes larger
volume of liquid to flow from drop on low wetting surface toward
the liquid bridge. The unequal displacement of liquid from coa-
lescing drops in turn leads to reduction of dynamic contact angle
hd;A to RCA (hr;A) prior to the similar reduction of dynamic con-
tact angle hd;D for drop on high wetting surface. Prior reduction of
dynamic contact angle to RCA is also aided by the fact that low
wetting surface has lower hysteresis than the high wetting surface.
The reduction of dynamic contact angle to RCA causes the whole
drop on low wetting surface to move toward the liquid bridge.
The momentum gained by the drop during the process pushes the
drop past the contact point and into the drop on high wetting
surface. The mass and momentum of the incoming liquid expand
the liquid–vapor interface of the drop on high wetting surface, as

shown by Lai et al. [36]. On a surface with low hysteresis
(6 deg–7 deg), the expansion of the liquid–vapor interface makes
the dynamic contact angle hd;D of the drop on high wetting surface
greater than the ACA ha;D and thus unpins the three phase contact
line, as shown in Fig. 2(d). And as a result, the merged drop
begins to move. We note that, in the experiments of Lai et al., the
contact angle hysteresis was 20 deg–25 deg. In effect, the coales-
cence aids the motion of drop by reducing the hysteresis. Above
mechanism correctly explains the shift of center of mass of two
coalescing drops on a surface with wettability gradient toward the
drop on high wetting region observed experimentally by Zhao and
Beysens [20] and Daniel et al. [10]. Besides, the mechanism of
unpinning of contact line due to shape fluctuation of the drop is
similar to the unpinning of drop contact line on a vibrating surface
[26,37,38]. Lateral vibration of the surface holding the drop
results in drop shape similar to the shape shown in Fig. 2(d), lead-
ing to drop motion. In our case, the fluctuations in the drop shape
are induced by asymmetrical nature of drop coalescence.

The whole process of coalescence of two drops on a surface
with contact angle gradient can be approximated as pumping of
liquid from a drop on low wetting surface to a drop on high wet-
ting surface. Here, we idealize each coalescence between two
drops, by considering two equal size drops; such assumption is
routinely applied in studies on drop coalescence [33,34]. Because
of the length scales involved, the equilibrium shape of a droplet is
approximated as spherical cap with an apparent contact angle hd.
For a system, consisting of droplets of radius r placed on a
solid substrate, the total surface energy can be expressed as
E ¼ cAlv þ csvAsv þ cslAsl, where subscripts sv, sl, and lv denote
solid–vapor, solid–liquid and liquid–vapor interface, respectively,
and A is the surface area [39].

When the two drops of radius r coalesce to form a new larger
drop of radius R, the change in total surface energy is given by

DE ¼ cDAlv � ðc cos hdÞDAsl (7)

where DAlv ¼ 0:82 pr2ð1� cos hdÞ and DAsl ¼ 0:41 pr2 sin2hd ,
respectively, are change in surface area of liquid vapor and
solid–liquid interfaces (see derivation in Appendix). Differentiat-
ing Eq. (7) with respect to r gives the radial force acting on the
interfaces of the two drops. Using the relation between base radius
rb and radius of curvature r of each drop prior to coalescence,
rb ¼ r= sin h (see Fig. 2(b)), the resulting expression for force is
given by

Fr ¼
0:8prbclv 2 1� cos hdð Þ � sin2hd cos hd

� �
sin hd

(8)

However, when two drops coalesce, some of the coalescence-
released surface energy is dissipated due to viscous dissipation.
The energy dissipated due to viscous effects can be approximated
as [40–42]

Evis ¼
ðsc

0

ð
X
UdXdt � UXsc (9)

where X ¼ pr3ð2� 3 cos hd þ cos3hdÞ=3 is volume of each

drop, sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qr3=clv

p
is the characteristic time scale of coales-

cence. Here, we note that characteristic time-scale sc is inertial
capillary time scale. This is because for experimentally observed

length scales of drop coalescence Re> 1 [43]. In Eq. (9), U �
12lðU=rÞ2 [41] is the dissipation function, where l is the viscos-
ity and U is the average velocity of droplet liquid. As the two
drops begin to coalesce, the capillary pressure Dp inside the
drop drives the drops in horizontal direction. The average velocity
U during the whole process of coalescence has been given by
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Thoroddsen and Takehara [44] as U � scDpA sec =qX, where

A sec ¼ r2ðhþ sin h cos hdÞ is cross section of the droplet and
Dp ¼ 2clv=r.

Using the above expressions for volume of drop Xr characteris-
tic time-scale sc, dissipation function U, average velocity U, and
cross section area Asec in Eq. (9), energy dissipated due to viscous
effects is given by

Evis ¼ 144l

ffiffiffiffiffiffiffi
r3c
q

s
hd þ sin hd cos hdð Þ2

p 2� 3 cos hd þ cos3hdð Þ (10)

Therefore, actual radial force on the droplet interface due to coa-
lescence can be expressed as

Fa ¼ gFr; where; g ¼ DE� Evis

DE
(11)

is coalescence efficiency.
As noted previously, force Fa on the interface of the drops acts

to reduce the effect of hysteresis. We note that the coalescence
efficiency g depends on local wetting condition and radius of the
coalescing drops. For coalescence released energy to be effective,
the coalescence efficiency must be positive (g > 0). Accounting
for the force due to coalescence in overcoming hysteresis force,
Eq. (6) modifies to

pr2
bc

d cos hdð Þ
dx

� 2crb cos hro � cos haoð Þ � Fað Þ ¼ 0 (12)

Solving Eq. (12) for base radius rb gives the radius rmax at which
drops start departing from the condensation surface. We note that
Eq. (12) is fourth-order polynomial equation in r and there is no
explicit analytical solution for rmax. Therefore, Eq. (12) is solved
numerically to find drop departure radius rmax. Also, the maxi-
mum drop radius rmax obtained from Eq. (12) is the radius of the
drops prior to coalescence (see Fig. 2(b)). If we assume that nucle-
ation sites have a uniform distribution over the surface and form a
square array then, re ¼ ð4NsÞ�1=2

, where Ns is number of nuclea-
tion sites per unit area of condensation surface. Using the bound-
ary condition (nðreÞ ¼ NðreÞ) drop size distribution of small drop,
obtained after integration of Eq. (3), is expressed as

n rð Þ ¼ 1

3pr3
e rmax

rmax

re

� �2=3 r

C

A2r þ A3

A2re þ A3

exp Bð Þ (13)

where

B ¼ A2

sA1

r2
e � r2

2
þ rminC� r2

minlnD

� �
þ A3

sA1

C� rminlnD½ � (14)

C ¼ re � r; D ¼ ðr � rminÞ=ðre � rminÞ; A1 ¼ DTð1� cos hÞ=
ð2� 3 cos hþ cos3hÞqhfg; A2 ¼ hð1� cos hÞ=4Kc sin h and A3 ¼
dð1� cos hÞ=ðKcoat sin2hÞ þ 1=2hi [8]. Also, from the empirical
relation given by Lefevre and Rose [25] for the drop size distribu-
tion of large drops N(r), we have

N rð Þ ¼ 1

3pr2rmax

r

rmax

� ��2=3

(15)

Taking logarithm of this equation, we get

ln N rð Þð Þ ¼ ln
1

3pr
1=3
max

 !
� 8

3
ln r (16)

Next, differentiating Eq. (16) with respect to lnðrÞ, we get

d ln N rð Þð Þ
d ln rð Þ ¼ �

8

3
(17)

Applying this condition at r¼ re, gives [8,18]

d ln n rð Þð Þ
d ln rð Þ ¼

d ln N rð Þð Þ
d ln rð Þ ¼ �

8

3
(18)

Equation (18) enables the sweeping period s to be expressed as
[8,18]

s ¼ 3r2
e A2re þ A3ð Þ3

A1 11A2r2
e � 14A2rermin þ 8A3re � 11A3rmin

� � (19)

To model the surface with wettability gradient, entire condensa-
tion surface is divided into m parts of equal width in the direction
of wettability gradient. We assume contact angle variation of the
form cos hd ¼ I þ Sx, where x is the spatial coordinate along the
wettability gradient from low wetting to high wetting end. Using
Eq. (1), we calculate heat flux in each segment. After that, we
numerically integrate the heat transfer in each segment to get the
total dropwise condensation heat transfer.

3 Results and Discussion

3.1 Dropwise Condensation Heat Flux. To validate our
model, we begin by comparing DWC heat flux predictions with
experiments of Daniel et al. [10] and a related study by Chaudhury
et al. [21]. In these experiments, DWC heat flux was measured on
a disk-shaped horizontal surface having a radius of 0.5 cm. The
top surface of the disk is treated chemically to obtain radial wett-
ability gradient such that the contact angle decreases from center
to outer periphery. The contact angle varies from 100 deg at the
center to nearly 20 deg at the outer periphery with contact angle
hysteresis of 6 deg. As described in Sec. 2.3, to model the surface
with wettability gradient, the entire condensing surface is divided
radially into m ¼100 equal parts.

In Fig. 3, we present ideal DWC heat flux at various degrees of
subcooling and its comparison with experimental results of Chaud-
hury et al. [21]. For these calculation, we take nucleation site density
Ns ¼ 1� 1010 m�2 [17], thickness of the coating layer d¼ 100 nm,
Tsat¼ 373 K, and conductivity of coating layer Kcoat ¼ 2 Wm�1K�1

[45]. Further, we used thermophysical properties of working fluid
(water) from NIST chemistry webbook [46]. The theoretical predic-
tions agree well with the experimental results of Chaudhury et al.
for degree of subcooling DT < 4 K at which most of the reliable
data is considered to be recorded [4]. Also, the Nusselt number

Fig. 3 Comparison of heat flux predicted by our mathematical
model with the experimental results [10,21] as a function degree
of subcooling. The calculations are based on nucleation site
density, Ns 5 131010m22, Tsat 5 373 K, d 5 100 nm.
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predicted by our model for DT < 4 K is Nu¼ 6450, taking thermal
conductivity of the water to be 0.69 Wm�1K�1. This is in good
agreement with Nu¼ 6700 obtained experimentally by Daniel et al.
[10]. Note that most of the applications depending on condensation
process practically operate at DT < 4 K [47,48]. At degree of sub-
cooling greater than 4 K, experimental results deviate from the theo-
retical predictions. The deviation of experimental results from DWC
theory is attributed to the beginning of transition regime [4–7], anal-
ogous to the transition from nucleate to film boiling.

3.2 Steady-State Drop Size Distribution. The steady-state
normalized drop size distribution obtained from the present theo-
retical model and the experimental study of Macner et al. [11] is
presented in Fig. 4. Macner et al. performed condensation on the
underside of a horizontal disk (radius 6 mm), which was treated
chemically to obtain wettability gradient. The test surface had uni-
form contact angle up to a distance of 3 mm from the center (30%
of area) and continuous wettability gradient from 3 mm to 6 mm
with contact angle varying from 95 deg to 50 deg. In their experi-
ments, Macner et al. observed that the drop size distribution on a
surface with wettability gradient remained steady due to frequent
sweeping of the drops. Furthermore, they observed that the drops
in the high-wetting part of the surface are larger in size than the
drops on low wetting surface. The drop size distributions are nor-
malized by highest drop population occurring in the respective
drop size distributions. The highest drop population density was
found near drop radius of 80 lm. We note that, due to the limita-
tions posed by optical instruments, Macner et al. were only able to
observe drops of radius larger than 80 lm. Therefore, as per
the experimental study, the distribution of droplet population is
presented for drop size, r >80 lm. Theoretical drop size distribu-
tion follows similar trend and compares well with the experimen-
tal data. The small discrepancy at higher drop sizes can be
attributed to the existence of surface with uniform contact angle.
On such a surface, drops are removed at capillary length scale
(r � Oð1mmÞ). As a result, most of the area is covered by drops
of size closer to capillary length (�2.4 mm) and correspondingly
have lower population of small drops (r � O(80 lm)) and higher
population of large drops (r � Oð100� 1000 lm). Such behavior
of drop size distribution is also evident from the experimental
results of Macner et al. In contrast to uniform wetting surface,
drop departure size vary along the gradient on a surface with
wettability gradient and most drops are removed at length scales
much smaller than the capillary length. And therefore surface

with wettability gradient have higher population of small drops as
compared to large drops.

3.3 Effect of Wettability Gradient on Dropwise Condensation
Heat Flux. In Fig. 5(a), we show the effect of wettability gradient
on DWC heat flux. For these calculations, we considered a surface
of dimensions identical to the surface used in experimental study
by Daniel et al. [10] and described in Sec. 3.1. We perform the
calculations for degree of subcooling DT ¼ 2 K, nucleation site
density Ns ¼ 1� 1010 m�2 [17], thickness of the coating layer
d¼ 100 nm, Tsat¼ 373 K, and conductivity of coating layer
Kcoat ¼ 2 Wm�1K�1. To illustrate the effect of wettability gradi-
ent, we have chosen surfaces with wettability gradients of
20 deg–80 deg, 20 deg–90 deg, 20 deg–100 deg, 20 deg–120 deg,
and 20 deg–150 deg. The first value in above notation, for exam-
ple, in 20 deg–80 deg, denotes the contact angle at the periphery
and the later denote the contact angle at the center of the disk.
Heat flux first increases and then decreases with an increase in
wettability gradient. Heat flux, as shown in Fig. 1, is governed by
population density n(r) and heat transfer qdðrÞ through a drop of
radius r. The population density is a function of rmax (smaller the
rmax higher is the population density), which in turn is a function

Fig. 4 Comparison of drop size distribution predicted by our
mathematical model with the experimental results of Macner
et al. [11]. The distributions are plotted for drops with radius,
r � 80 lm. These calculations are performed for nucleation site
density, Ns 5 131010m22, Tsat 5 373 K, d 5 100 nm.

Fig. 5 Effect of wettability gradient on DWC heat flux and size
of drop departure. (a) DWC heat flux at different wettability gra-
dients while keeping the minimum contact angle constant. (b)
Variation in size of drop departure and heat transfer through a
drop with contact angle for the largest wettability gradient
20 deg–150 deg. These calculations are performed for nuclea-
tion site density, Ns 5 131010 m22, Tsat 5 373 K, d 5 100 nm.
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contact angle and wettability gradient. Figure 5(b) shows the vari-
ation of drop departure radius rmax and heat transfer through a
drop qd with contact angle corresponding to highest wettability
gradient 20 deg–150 deg. Increasing the contact angle and thus the
wettability gradient leads to monotonous decrease in rmax. How-
ever, the decrease in rmax is only marginal for contact angle
greater than 100 deg. In contrast, heat transfer through a drop
decreases linearly for drops with contact angle h > 100 deg [8], as
shown in Fig. 5(b). Therefore, for increase in wettability gradient
from 20 deg–80 deg to 20 deg–100 deg, gain in population density
dominates over decrease in heat transfer through a drop. Whereas,
for increase in wettability gradient from 20 deg–100 deg to
20 deg–150 deg, small gain population density is offset by reduced
heat transfer through drops resulting in decreased heat flux.

3.4 Effect of Thickness of Coating Layer. Almost all natu-
ral surfaces have uniform wettability. To create a surface with
wettability gradient, surface is coated, through chemical treat-
ment, with a layer of promoter coating. This layer of coating acts
as an additional layer of thermal resistance between vapor and
surface. Additional resistance due to the thickness of the coating
layer does not affect the drop size distribution; however, it plays a
vital role in the heat transfer through a drop (Eq. (2)). In Fig. 6,
we show the effect of thickness of coating layer on heat transfer
through a drop and thus DWC heat transfer on surface with wett-
ability gradient. We perform the calculations for degree of sub-
cooling DT ¼ 2 K, Tsat¼ 373 K and conductivity of coating layer
Kcoat ¼ 2 Wm�1K�1. As expected, with an increase in the thick-
ness of coating layer, heat transfer through a drop decreases lead-
ing to decrease in DWC condensation heat flux. However, from
Fig. 6, we see that the rate of heat transfer through a drop peaks at
a certain contact angle. The contact angle at which the maximum
heat transfer rate is attained varies with the coating thickness. For
example, the contact angle at which there is maximum rate of heat
transfer through a drop changes to 80 deg for d ¼ 10 lm from
40 deg for d ¼ 0.1 lm (see Fig. 6). Because of the reasons
mentioned in Sec. 3.3, this change in contact angle corresponding
to maximum rate of heat transfer through a drop in turn
changes the optimal choice of wettability gradient. Performing the
calculations discussed in Sec. 3.3 again for d ¼ 10 lm yields the
optimal wettability gradient to be 20 deg–110 deg in contrast to
20 deg–100 deg for d ¼ 0:1 lm.

4 Conclusion

We have developed a mathematical model based on population
balance to predict the DWC heat transfer on a surface with wett-
ability gradient. The model takes into account the effect of wett-
ability gradient and energy released during drop coalescence to
determine drop departure size. We validated our model with pub-
lished experimental data of dropwise condensation heat flux and
drop size distribution. Our model is applicable for potential appli-
cations of DWC in steam power plants, water desalination, and
water collection wherein degree of subcooling is low. However,
our model is not applicable at high degree of subcooling where
transition regime characterized by partial DWC and partial FWC
sets in. In future, we will extend our model to include the effect of
partial FWC so as to model the transition regime. Based on vari-
ous experimental studies, we also proposed a mechanism by
which coalescence released surface energy aids droplet motion.
We propose that, due to asymmetrical nature of drop coalescence
on a surface with wettability gradient, shape fluctuations similar
to drop on a vibrating surface are induced. As a result of these
fluctuations, dynamic contact angle of the drop approaches ACA
at one edge and RCA at other and thus the drop begins to move.
Based on the mathematical model, we evaluated the effect of
wettability gradient on DWC heat flux for a surface of given
dimensions. With the minimum contact angle kept constant,
DWC heat flux first increases and then decreases with an increase
in wettability gradient. For thickness of coating layer d¼ 100 nm,
DWC heat flux decreases when part of the surface has wettability
greater than 100 deg. For regions with contact angle greater than
100 deg, reduction in heat transfer through a drop dominates any
gain in population density due to low wettability. Lastly, we dem-
onstrated that the optimal choice of wettability gradient also
depends on the thickness of coating layer and varies with change
in coating thickness.
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Appendix

Here, we provide the derivation for change in the area of
solid–liquid and liquid–vapor interface due to coalescence of two
equal size drops. Let r be the radius of the drops prior to coales-
cence and R the radius merged drop. The volume of each of the
two coalescing drops Vd is given by

Vd ¼ pr3ð2� 3 cos hþ cos3hÞ=3 (A1)

and the volume of the drop resulting from coalescence of two
equal size drops Vc is given by

Vc ¼ pR3ð2� 3 cos hþ cos3hÞ=3 (A2)

From mass conservation, we must have 2Vd ¼ Vc. That is

2pr3ð2� 3 cos hþ cos3hÞ=3 ¼ pR3ð2� 3 cos hþ cos3hÞ=3

(A3)

from this equation, we get R ¼ 21=3r. Because the base radius
each of the two drops prior to coalescence is r sin h and that of the
merged drop is R sin h, the change to total base area due to coales-
cence is given by

DAsl ¼ 2pr2 sin2h� pR2 sin2h (A4)

Finally, substituting R ¼ 21=3r in this relation, we get the desired
expression of change in solid–liquid interface DAsl as

Fig. 6 Effect of thickness of coating layer d on heat transfer
through a drop. These calculations are performed for degree of
subcooling DT 5 2 K, r 5 5 lm, Tsat 5 373 K and conductivity of
coating layer Kcoat 5 2 Wm21K21.
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DAsl ¼ 0:41 pr2 sin2h (A5)

Next, the liquid–vapor interface area of each of the drops prior to
the coalescence DAlvd is given by

DAlvd ¼ 2pr2ð1� cos hÞ (A6)

Similarly, the liquid–vapor interface area of the merged drop
DAlvc is given by

DAlvc ¼ 2pR2ð1� cos hÞ (A7)

Now, change in liquid–vapor interface due to coalescence is
DAlv ¼ 2DAlvd � DAlvc. That is

DAlv ¼ 4pr2ð1� cos hÞ � 2pR2ð1� cos hÞ (A8)

Substituting R ¼ 21=3r in this expression gives the change in
liquid–vapor interface area DAlv as

DAlv ¼ 0:82 pr2ð1� cos hÞ (A9)
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